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Numerical analysis of turbulent flow separation in a rectangular
duct with a sharp 180-degree turn by algebraic Reynolds

stress model
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SUMMARY

Turbulent flow in a rectangular duct with a sharp 180-degree turn is difficult to predict numerically because
the flow behavior is influenced by several types of forces, including centrifugal force, pressure-driven
force, and shear stress generated by anisotropic turbulence. In particular, this type of flow is characterized
by a large-scale separated flow, and it is difficult to predict the reattachment point of a separated flow.
Numerical analysis has been performed for a turbulent flow in a rectangular duct with a sharp 180-degree
turn using the algebraic Reynolds stress model. A boundary-fitted coordinate system is introduced as a
method for coordinate transformation to set the boundary conditions next to complicated shapes. The
calculated results are compared with the experimental data, as measured by a laser-Doppler anemometer,
in order to examine the validity of the proposed numerical method and turbulent model. In addition, the
possibility of improving the wall function method in the separated flow region is examined by replacing
the log-law velocity profile for a smooth wall with that for a rough wall. The analysis results indicated
that the proposed algebraic Reynolds stress model can be used to reasonably predict the turbulent flow
in a rectangular duct with a sharp 180-degree turn. In particular, the calculated reattachment point of a
separated flow, which is difficult to predict in a turbulent flow, agrees well with the experimental results.
In addition, the calculation results suggest that the wall function method using the log-law velocity profile
for a rough wall over a separated flow region has some potential for improving the prediction accuracy.
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1. INTRODUCTION

Flows in ducts are both fundamental and very important because several types of ducts are used,
for example, as basic machine elements, in a number of engineering fields. Therefore, several
researchers have presented experimental and analytical reports about the flow behavior in ducts in
order to contribute to apparatus design. From this point of view, numerical analysis is an effective
method to understand flow behavior both in advance and in detail. However, in several cases, ducts
have been used for turbulent flows. Compared with laminar flow prediction, the numerical prediction
of turbulent flows in ducts is more difficult because the anisotropic turbulent model is needed in
order to predict the flow behavior precisely. In addition, abrupt geometrical changes in cross-sections
along the flow direction cause flow separation, resulting in the formation of large-scale vortices. The
subsequent convection of vortices gives rise to significant flow unsteadiness and has an immediate
effect on machine performance. Knowing the separated flow area and the reattachment point in
advance leads to improved machine performance. However, in general, a turbulent flow involving
separation is one of the most complicated and difficult flows to predict numerically. As such, several
studies have examined separated flow both experimentally and analytically [1, 2].

Since flow separation is caused by an abrupt change in the pressure gradient induced by a
geometrical change, experimental reports of flow separation are primarily related to diffuser flow
and U-bend flow, which have sudden geometrical changes. Buice and Eaton [3] and Obi et al. [4]
measured in detail the two-dimensional turbulent flows in a one-sided, 10-degree, plane diffuser and
reported the mean velocity profile, including the distributions of Reynolds stresses. An expansion
ratio of 4.7 was sufficient to produce a separation bubble on a sloping wall. Experiments using
U-bend flows are generally classified into two types based on cross-sectional shape. One type
is the turbulent flow in a U-bend with a rectangular cross-section, and the other type is the
turbulent flow in a U-bend with a circular cross-section. The turbulent separated flow has been
measured more often in U-bends with a rectangular cross-section. Hsieh et al. [5] measured the
two-dimensional turbulent flow in a rotating U-bend with a square cross-section using laser-Doppler
anemometry. They presented the main features of the flow and the separated flow, as well as the
mean velocity, and the turbulent intensity at particular locations downstream. The measured flow
fields are quite complex and consist of secondary cross-stream and radically outward flows due
to the Coriolis effects and centrifugal forces. Iacovides et al. [6, 7] measured the turbulent flow
in a square rotating U-bend typical of coolant passages employed in gas turbine blades using
laser-Doppler anemometry. In the upstream and downstream tangents, the pressure and suction
surfaces were rough with discrete square cross-sectioned ribs, with a rib pitch-to-height ratio of
10. The introduction of ribs in the straight sections not only reduces the size of the separation
bubble along the inner wall of the U-bend by raising the turbulence levels at the bend entry
but also causes the formation of an additional separation bubble over the first rib interval along
the outer wall, downstream from the bend exit. Recently, Nakayama et al. [8] reported in detail
the measurement results for a turbulent flow in a rectangular duct with a sharp 180-degree turn,
including the distributions of Reynolds stresses. They measured the velocity profiles of the mean
velocity in the separated region and the distributions of Reynolds stress, which develop along the
stream direction, using laser-Doppler anemometry.

A great number of numerical and experimental measurement results have been reported for a
turbulent flow in a duct with separation. Lin et al. [9] performed a numerical analysis to study
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the three-dimensional flow and heat transfer in a U-shaped duct of square cross-section under
rotating and non-rotating conditions. The computations are based on the ensemble-averaged con-
servation equations of mass, momentum, and energy. The low Reynolds number shear stress
turbulent (SST) model is used in the calculation. Although the calculated results show how the
nature of the fluid flow affects the surface heat transfer, there has been no quantitative com-
parison with the experimental data. Jang et al. [10] predicted the three-dimensional flow and
heat-transfer for a U-bend with and without 60-degree angled parallel ribs located over the bot-
tom wall of a square cross-section. They reported that the angled rib turbulators over the bottom
wall and the 180-degree sharp turn of the channel produced strong non-isotropic turbulence and
heat fluxes, which significantly affected the flow fields and heat-transfer coefficients. The calcu-
lated distributions of the Nusselt number have been compared with the experimental data, but the
profiles of the mean velocity and the Reynolds stress have not been compared with the experi-
mental data. Iacovides and Raisee [11] predicted the turbulent flow and convective heat transfer
in passages affected by strong curvature and rib roughness using effective-viscosity and Reynolds
stress models. However, they did not compare the Reynolds stress distributions with the exper-
imental data because they examined the prediction of convective heat transfer rather than that
of the velocity field. They reported that a low Reynolds differential stress yields more accu-
rate thermal predictions that are superior to those of the low Reynolds effective-viscosity model.
Sugiyama and Watanabe [12, 13] calculated the turbulent flow in a U-bend with and without ro-
tation as measured by Iacovides et al. [6] by applying the algebraic Reynolds stress model and
compared the results with the experimental results, including the distributions of the Reynolds
stresses. They reported that the calculated results could reproduce the characteristic features of the
experiments.

The above findings suggest that several numerical and experimental analyses have been pre-
sented for the turbulent flow under an abrupt change in the pressure gradient induced by a
geometrical change, for example, a U-shaped bend or a diffuser. In contrast, few numerical
or experimental results have been reported related to turbulent separation, including Reynolds
stress. An experimental study was conducted on the flow structure with separation in rectangu-
lar channels with a sharp 180-degree turn by Nakayama et al. [8]. The mean and fluctuation
velocities in three directions, including the separated region, were measured in detail using laser-
Doppler anemometry at a Reynolds number of 35 000. They reported that the characteristics of
the flow reattachment and the separation bubble inside/after the turn were greatly influenced by
the turn clearance, which was defined as the distance between the inner and outer walls in the
bend region. These experimental results are also useful for evaluating the validity of turbulent
models.

Based on the above-mentioned studies, the main purpose of the present thesis is to predict
numerically the turbulent flow in a rectangular channel with a sharp turn, as reported by Nakayama
et al. [8], in order to estimate the validity of an algebraic Reynolds stress model. In addition, the
wall function method, which is used to set the boundary conditions for the turbulent energy and
dissipation, is examined. The generation of separated flow acts on the duct as flow resistance,
which suggests that the separated region acts as a kind of rough wall. More concretely, the log-law
velocity profile for a rough wall is applied only to the separated region rather than that generally
used for a smooth wall. The calculated results quantitatively show the difference in prediction
accuracy between these two types of log-law velocity.
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2. MATHEMATICAL FORMULATION

2.1. Numerical object and definition of the coordinate system

Figure 1 shows schematic diagrams of rectangular channels with sharp 180-degree turns that are
selected as numerical objects in this calculation. Nakayama et al. [8] measured the turbulent flow
including a separated flow in these channels in detail, using a laser-Doppler anemometer. They
presented three types of experimental data that were measured for varying channel width, which
is defined as the distance between the outer and the inner walls at a sharp turning duct, i.e. 30,
50, and 70mm. Note that the channel width changes only in sharp turn sections. The experimental
flume with a rectangular cross-section has a width of 50mm, a depth of 25mm, and a length of
334mm, as shown in Figure 1. The Reynolds number is 3.5× 104 based on hydraulic diameter
and bulk velocity. In this calculation, the channel width in the sharp turn section is 50mm.

The coordinate systems used in the calculation are also defined in Figure 1. In the rectangular
channel, the main flow direction is represented by the X1-axis except for a straight channel with a
sharp turn, and the secondary flow directions are denoted by the X2- and X3-axes, which represent
the horizontal and vertical directions, respectively. The origin of the rectangular coordinate system
is set at the central point of the inner wall located on the inlet cross-section of the main straight
channel.

2.2. Governing transport equations

The transport equation of momentum is expressed in the following form through the ensemble-
averaged operation and is indispensable in solving the Reynolds stresses appearing in the transport
equation in order to completely obtain the velocity fields

DUi
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Figure 1. Schematic diagram of the experimental apparatus and the definition of the coordinate system.
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Table I. Modeling of the pressure–strain correlation term.
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In this calculation, we have adopted the transport equation of Reynolds stresses to predict
anisotropic turbulence accurately. The transport equation of Reynolds stresses is displayed
exactly in the following form:
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It is impossible to numerically solve the above equation directly, so it is necessary to rewrite
several terms of the Reynolds stress equation by introducing the concept of the turbulent model.
Moreover, in numerical analysis, the convection term on the left-hand side and the diffusion term
on the right-hand side are obstacles in obtaining a numerical solution because these terms are
required in order to carry out iterative calculations to obtain stable results. In the present study,
these terms are modeled by adopting Rodi’s [14] approximation. As a result of this approximation,
these two terms are transformed into an algebraic form rather than a differencing form. Therefore,
the convection and diffusion terms in the above equation were modeled as follows:

Duiu j

Dt
− Diffi j = uiu j

2k
(Pk − �) (3)

where Diffi j corresponds to the third term on the right-hand side of Equation (2) and Pk represents
the production term of the turbulent energy equation.

A particularly problematic task here is the modeling of the pressure–strain correlation equation
term, which is also defined as the redistribution term and is shown as the second term on the right-
hand side of Equation (2). The pressure–strain term is composed of three parts, which are the
interaction of the fluctuating velocities (�i j,1 + � j i,1), the interaction of the mean strain with the
fluctuating velocities (�i j,2 + � j i,2), and the wall proximity effects (�i j,w + � j i,w). In the present
calculation, we have adopted Rotta’s linear return to isotropy mode for the (�i j,1 + � j i,1) term, as
shown in Table I.

For �i j,2, the correlation is approximated as

�i j,2 =
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Table II. Model constants of the pressure–strain correlation term.

C∗
1 C∗

2 �∗ C ′
1 C ′

2 �′ C� �

1.4 0.44 −0.16 −0.35 0.12 −0.1 0.09 0.42

and ami
l j is the fourth-order tensor, which should satisfy the following kinematic constraints:

ami
l j = aiml j = aimjl (5)
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l j

�Ul

�Xm
= 0 (6)
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The above constraints arise from the symmetry condition, the mass conservation law, and Green’s
theorem, respectively. Although the kinematic constraint of Equation (6) is different from that
reported by Launder et al. [15], we adopted Equation (6) because �i j,2 is defined as the production
between the fourth-order tensor and the mean strain, as shown in Equation (4). Gessner and Eppich
[16] have also reported these constraints and described them in detail. In terms of the modeling of
(�i j,2 + � j i,2), the modeling process is described in detail in a previous report by Sugiyama and
Hitomi [17]. In addition, the validity of the presented model has been confirmed by the calculation
carried out for a turbulent flow in a meandering open-channel flow [18]. In the case of calculation
in open-channel flow, the boundary condition along the free surface and the turbulent model are
important factors to precisely predict open-channel flow because anisotropic turbulence is produced
near the free surface. A method for establishing the boundary condition along the free surface
has been presented, along with the modeling of the pressure–stain term, in Reference [18]. The
interaction of mean strain with fluctuating velocities (�i j,2 + � j i,2) is finally modeled as shown in
Table I.

The wall effect term (�i j,w + � j i,w) on turbulent stresses is modeled as shown in Table I
by changing the model constants. In Table I, f (L/Xw) is a function related to the dimensionless
distance from the wall, and c� and � represent the empirical constant and the von Karman constant,
respectively. The function f (L/Xw) is that of a unit value near the wall, which approaches zero
with increasing distance from the wall. The symbol Xw is the normal distance from the wall, and
L defines the length scale of turbulence. When f (L/Xw) is zero, the model yields the correct
Reynolds stress components for the nearly homogeneous share flow of Champangne et al. [19]. In
contrast, when f (L/Xw) is of unit value, the magnitude of the stress components agrees with the
consensus of the near wall turbulence. The model constants used in this analysis are summarized
in Table II.

The fourth term on the right-hand side of Equation (2) is the homogeneous part of dissipation.
The dissipation rate everywhere in the computed flow was assumed to be locally isotropic, i.e.

�i j = 2�
�ui
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3
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The transport equations of turbulent energy and dissipation are expressed in the following form:
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Model constants cs, c�, c1�, and c2� are 0.22, 0.18, 1.44, and 1.92, respectively.

3. NUMERICAL ASPECTS

3.1. Boundary-fitted coordinate system

For calculation, the boundary condition must be set precisely next to the complicated shape. In
this calculation, a boundary-fitted coordinate system, which is a type of coordinate transformation
method, is introduced. The coordinate in the physical plane can be transformed to that in the
calculation plane using the boundary-fitted coordinate system. Numerical calculation is performed
in the calculation plane because setting the boundary conditions next to the complicated shape is
easy. In addition, note that the governing equations are transformed into complicated equations
from simple equations that are expressed in the physical plane, although it is easy to set boundary
conditions next to the complicated shape.

The transformation from the physical plane to the calculation plane is performed by using the
following mathematical theorem:
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where 	, � and 
 represent the coordinates of the calculation plane and correspond to the main
flow and the cross-sectional directions along the computational grid.

3.2. Examination of wall function method

In the proposed turbulent model, the wall function method is used to set the boundary conditions
for turbulent energy and dissipation. Adopting the wall function method along the walls, it is
necessary to obtain the values of turbulent energy and dissipation in order to assume the log-law
velocity profile over the walls. The following log-law velocity profile for a smooth wall is assumed
for several numerical analyses:

U1

U�
= 1

0.42
ln

(
U�y

�

)
+ 5.5 (12)

The above equation may not be applicable to the separated flow region. The separated flow
is thought of as a flow resistance in channel flow because the separated flow generates a great
pressure loss in the channel. Thus, it is assumed that the log-law velocity profile for a rough wall
is used only for a region covered by a separated flow. In the calculation, although the log-law
velocity profile can be freely assumed for a rough wall, the following log-law velocity profile, as
measured by Fujita et al. [20], is introduced because they systematically measured the turbulent
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flow in a rectangular duct with rough walls and quantitatively reported the flow situation and the
configuration of the rough wall:

U1

U�
= 1

0.42
ln

(
U�y

�

)
− 8.62 (13)

The numerical analysis of turbulent flow in a square duct with one roughened wall has been carried
out to confirm the validity of the log-law velocity (13) and the presented turbulent model in both
velocity and temperature fields [21]. As a result of this analysis, the proposed turbulent model
could reproduce the secondary flow of the second type, which has been reported to be a typical
phenomenon induced by anisotropic turbulence using the above log-law velocity.

In this simulation, two types of calculations are carried out in order to examine the effect of the
log-law velocity profile for a rough wall applied to the separated flow region rather than that for
a smooth wall. First, the turbulent flow is calculated over all the walls using the log-law velocity
profile for a smooth wall. Second, the turbulent flow is predicted by adopting the log-law velocity
profile for a rough wall over the separated flow region only.

3.3. Numerical analysis

Figure 2 shows two types of computational grids. The upper grid is a top view of a duct with a
sharp turn, and the lower grid is the sectional grid layout for a rectangular duct. The inlet length
of the rectangular duct is the same as that of the experimental apparatus, and an outlet length of
30 times the hydraulic diameter is set downstream from the end wall in order to make use of the
free-stream condition at the outlet section in the numerical analysis. The initial values of turbulent
energy and dissipation were assumed to be k =U 2

b × 10−5 and �= k3/2/D, respectively. Since the
proposed turbulent model can be classified as a high Reynolds-number turbulent model, the wall
function method is adopted as the boundary condition for the turbulent energy and dissipation at

X2

X1

X3

X2

Figure 2. Computational grid layout.
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the first grid point from the wall. Fine grids are used near the wall because the physical parameters
change rapidly near the wall. Although it is necessary to examine the grid dependency, the grid
layout in Figure 2 has been adopted for this analysis because the presented method is able to predict
correctly the reattachment point of the separation flow, which is described in the following section.
The governing equations were discretized by the differencing scheme, and QUICK (a third-order
up-wind differencing scheme) was used for the convection term. Based on the hydraulic radius and
the bulk velocity, the Reynolds number is 3.5× 104. The total cross-section has a total of 45× 23
computational grid points, and 218 grid points are set along the main flow direction. Therefore,
the total number of computational grids is 225 630.

4. RESULTS AND DISCUSSIONS

The experimental results were measured in detail on both the X1–X2 plane and on cross-sections
along the flow direction. Figure 3 shows the measurement sections, which are denoted as Sections
1–6. The calculated results are compared quantitatively with the experimental results obtained for
Sections 1–6. In the present study, two types of calculations are performed in order to examine
the validity of using the wall function method for a rough wall over a separated region. The
first calculation is the prediction of the channel flow using the log-law velocity profile under the
assumption that all the walls are smooth. In the second calculation, the log-law velocity profile is
adopted for a rough wall covering only the separated region. Using the universal constant of the
log-law velocity, for the first calculation we assume that C = 5.5, and for the second calculation
we assume that C =−8.62.

4.1. Comparison of mean velocity

The results calculated for the main flow velocities are compared with the experimental data at
the six stations, as shown in Figure 4. The results for each section are arranged in order from
the top (i.e. the experimental results, the calculated results for C =−8.62, and the calculated
results for C = 5.5). The calculated and experimentally obtained results are both normalized by

Flow
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Sec.6

(X1
*=-3)

Sec.5

(X1
*=-2)

Sec.4

(X1
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Sec.4

(X1
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Sec.2

(X1
**=0)

Figure 3. Locations of cross-sections used in the calculation and in the experiment.
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Figure 4. Comparison of main flow velocity.

the bulk mean velocity. The notations X∗
2 = 0 and 1 indicate the inner and outer walls of the duct,

respectively. Section 1 is located in the inlet cross-section of the curved duct. A characteristic
feature of the curved duct with a circular cross-section is that the maximum stream-wise velocity
is located on the inner wall side in the circular cross-section. This feature is typical of curved ducts
and is confirmed for this rectangular duct, as shown in the inlet cross-section of Section 1. The
zero-valued contour lines differed for the experimental and calculated results, i.e. the calculation
predicted that the contour line would lie near the outer wall. The experimental results for the
contour lines of Section 2, which represent the middle of the curved duct, indicate the existence
of a separated flow near the inner wall. The calculation also correctly predicts the location of the
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Figure 5. Comparison of stream-wise velocity vectors in the X1–X2 plane.

zero-valued contour line. The cross-sections of Sections 3–5 are located only in the separated flow
generated in the straight duct following the curved duct with a sharp turn. When the location of
the zero-valued contour line is considered, the calculation correctly reproduces the experimental
contour lines, except those of Section 5. For Section 5, the experimentally obtained zero-valued
contour line is located near the inner wall, whereas the calculated contour line is located far from
the inner wall. In addition, the calculated contour lines are distorted near the lower wall, whereas
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the experimentally obtained contour lines are not. These distorted contour lines are formed more
clearly for Sections 5 and 6, which are located downstream from the separated region.

Figure 5 compares the results for the stream-wise velocity vectors in the X1–X2 plane. In both
the experimental and calculated results, large-scale and small-scale separations are observed in the
downstream straight duct and in the corner regions of the curved duct with a sharp turn, respectively.
Although separated flows are recognized in both the experimental and calculated results, the
calculated velocity profiles in the separated region differ slightly from the experimental values.
The local stream-wise velocity and the velocity in the X2 direction are compared quantitatively
with the experimentally obtained values in order to evaluate in detail the validity of the proposed
calculation. Figures 6 and 7 compare the results for the stream-wise velocity and the velocity in
the X2 direction, respectively. These figures suggest that the difference between the experimental
and the calculated results of the velocity profiles along the X2 direction is more significant than
that for the stream-wise velocity. In particular, the velocity profiles at X∗

1 =−2 and −1, which are
located near the reattachment point of the separated flow, are in the opposite direction compared
with the experiment values near the inner wall.

For the turbulent model, a precise prediction of the reattachment point of the separated flow is
important. Therefore, the distribution of the stream function is compared with the experimental
results for the velocity field. Generally, the stream function is used for two-dimensional flows,
but the distribution of the stream function is introduced in the experiment in order to clarify
the reattachment point of the separated flow. Therefore, the calculated distribution of the stream
function is compared with the experimentally obtained distribution. Figure 8 compares the results
of the stream function in the X1–X2 plane. The two methods proposed for the log-law velocity
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profile predict the reattachment point well with no great discrepancy. When the contour line
for 0.15 of the experiment is considered, the calculated results for C = −8.62 are closer to the
experimental results than those for C = 5.5. The method using the log-law velocity profile for a
smooth wall tends to overestimate the value for 0.15, which implies that this method has some
potential for improving the prediction accuracy by changing the value of the universal constant C
of the log-law velocity.

The vector plots of Figure 9 present a comparison of the secondary flow for cross-sections
of the stream-wise flow. The calculated rotating direction shows the opposite direction of the
experiment because symmetrical cross-sections with respect to X2-axis are compared. In Section 1,
the calculation predicts the secondary flow to move uniformly from the outer wall to the inner
wall as is the case of the experimental results. This secondary flow behavior for a curved duct
with a circular cross-section has been reported to be caused by the pressure imbalance between the
low pressure of the inner wall side and the high pressure of the outer wall side. The experimental
measurement of Section 2 shows the generation of the circulation flow along the upper wall, which
is formed by the secondary flow. Although the proposed methods also reproduce this circulating
flow, the region covered by the circulated flow is larger and clearer than in the experiment.

The cross-sections of Sections 3–5 are located only in the separated flow generated in the straight
duct following the curved duct with a sharp turn. The experimental results for Sections 3 and 4
indicate that the secondary flow located in the separated region has a low velocity on the inner
wall side, and, in contrast, except for the separated region, the secondary flow has a high value for
the circulation flow. The calculated results also reproduce these characteristic features. Comparing
the calculated results for C =−8.62 and 5.5, the calculated region for C = −8.62 covered by a
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Figure 8. Comparison of stream function over the separated flow in the X1–X2 plane.

low-velocity flow is slightly larger than that in the case of C = 5.5. This difference is caused by
applying a different log-law velocity to the separated region. In Section 5, which is located near
the reattachment point, both calculations predict well a pair of vortices on the inner wall side,
while no vortex was observed in the experimental results. In contrast, a large circulation flow on
the outer wall side is observed for both the experimental and calculated results.

The flow conditions in Section 6 correspond to the downstream flow from the reattachment point.
The circulation flow generated in the previous section gradually decays as the flow develops, as
shown in Section 6. The calculated results show that a pair of vortices on the inner wall side
in Section 5 maintains the flow pattern of circulation even if the intensity decreases as the flow
develops. Recently, Nakayama et al. [22] measured a turbulent flow in the same cross-section with
a sharp 180-degree turn using particle image velocimetry (PIV). Although the Reynolds number
(2.0× 104) and the location of the measurement section are not identical to those of the present
study, a pair of vortices clearly appears on the inner wall side. This agreement indicates the validity
of the proposed method of calculation.
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Figure 9. Cross-sectional comparison of the secondary flow vectors.

4.2. Comparison of distributions of fluctuating velocity

Figure 10 compares turbulent energy distributions. The calculated contour lines are normalized by
the average mean velocity, as are the experimental results. Comparing the results for the turbulent
energy reveals that the calculated results for Sections 4–6 are in relatively good agreement with the
experimental results, whereas the results calculated for Sections 1–3 have a different distribution
from the experimental results. In particular, the calculation predicts contour lines with a high value
near the bottom wall of the outer wall side, as shown in the compared result of Section 2. In
addition, comparison of the results for Section 3 indicates that the maximum calculated value is
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Figure 10. Comparison of turbulent energy.

lower than the maximum experimental value, although the calculated and experimental locations
for the maximum value are in approximate agreement.

Figure 11 shows the comparison of the main flow fluctuating velocity, which forms a part of the
turbulent energy. For Section 1, the calculated and experimental maximum values are generated
near the outer wall. Further downstream, in Section 2, the experimental maximum value (0.4)
appears on the inner wall side. This coincides with the location of the shear layer generated by
the separated flow. Based on the fact that the calculation cannot correctly reproduce the maximum
value but instead predicts a relatively high value near the inner wall side, the calculation tends to
predict a lower value than that obtained in the experiment.
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Figure 11. Comparison of the stream-wise fluctuating velocity.

The experimental results for Sections 3–5, which are located in the separated flow, show that the
maximum value is generated near X∗

2 = 0.2 of the upper wall in all cross-sections. The calculated
results for Section 3 show the same tendency as well. However, except for Section 3, the maximum
values occur in the central region of the cross-sections; this feature differs from the experimental
feature. In Section 6, which is located after the reattachment point, the maximum value is produced
near the inner wall for both results, although for the experiment, there are no contour lines near
the inner wall.
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Figure 12. Comparison of horizontally fluctuating velocity.

Figure 12 compares the fluctuating velocity in horizontal direction parallel to the X∗
2-axis. Both

the experimental and calculated results for Section 1 have the maximum value along the X∗
2-axis. In

addition, in the experiment, for Sections 3–5, high values are generated for the fluctuating velocity
in the region ranging from the long side wall to the central region of the rectangular cross-section.
The calculation can also reproduce this experimental feature, although the agreement with the
experimental value is not perfect. The generation term of the fluctuating velocity in the horizontal
direction is composed of velocity gradients, i.e. �U2/�X1, �U2/�X2, and �U2/�X3. Therefore, in
the case of a straight duct, the maximum value is generated near the wall because of the velocity
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Figure 13. Comparison of vertically fluctuating velocity.

gradients �U2/�X2 and �U2/�X3. Considering that relatively high values are generated both near
the wall and in the region located far from the wall in this rectangular duct with a sharp turn, the
velocity gradient �U2/�X1 is thought to be important with respect to the generation of high values
in the region far from the wall.

Figure 13 shows the comparison of the fluctuating velocity in the vertical direction parallel to the
X∗
3-axis. Generally, the vertically fluctuating velocity is high along the vertical walls in the straight

rectangular duct. The results calculated for Section 1 clearly have this characteristic feature, which
is not always maintained through the entire flow and changes gradually as the flow develops. In the

Copyright q 2007 John Wiley & Sons, Ltd. Int. J. Numer. Meth. Fluids (2007)
DOI: 10.1002/fld



H. SUGIYAMA, T. TANAKA AND H. MUKAI

separated region, the high value near the inner and outer walls in Section 1 changes because of the
separated flow, as shown in Section 2. In case of the calculation, the high value is generated more
actively near the outer wall side, compared with the inner wall side. Based on the comparison
results for Sections 3–5, a feature common to both the calculation and experimental results is
that the maximum value is produced in the central region of the cross-section and the location
of the maximum value moves toward the inner wall as the flow develops. Further downstream,
in Section 6, the maximum value of the vertically fluctuating velocity for calculation appears on
the inner wall side rather than on the outer wall side, which is the same for the stream-wise
and horizontally fluctuating velocities. Considering the fact that Section 6 is located just after the
reattachment point of the separated flow and the fluctuating velocity is generated actively near
the reattachment point, the heat transfer is thought to be actively promoted after the reattachment
point by the diffusion effect of fluctuating velocities.

Using the log-law velocity, two types of calculations have been performed for turbulent flow in
a rectangular duct with sharp turns. One type of calculation involves the prediction of channel flow
using the log-law velocity profile for smooth wall covering all the walls. The other type involves
the adoption of the log-law velocity profile for roughened wall covering over only the separated
region. The calculated results show that replacement of the log-law velocity over the separated
region has a slight influence on the mean-velocity and fluctuating-velocity profiles. Although this
replacement is not sufficient to accurately predict the experimental data, the proposed method
has some potential for improving the prediction accuracy by changing the value of the universal
constant of the log-law velocity.

5. CONCLUSIONS

A numerical analysis has been performed using an algebraic Reynolds stress model and a boundary-
fitted coordinate system for a three-dimensional turbulent flow in a rectangular duct with a sharp
180-degree turn. This turbulent flow is characterized by the large-scale separated flow generated
after the sharp turn. The calculated results are compared quantitatively with the experimental data
measured by Nakayama et al. [8] to confirm the validity of the proposed method. Moreover, the
application of the wall function method to the separated flow is examined by replacing the log-law
velocity profile based on the flow conditions with and without a separated flow. The following
conclusions are obtained based on the numerical analysis:

(1) Two types of calculations can be used to predict the experimental features of the main flow
velocity. When the location of the zero-valued contour line of the main flow velocity is
considered, both calculations reproduce the experimental contour lines, except for those of
Section 5.

(2) Two types of calculations predict the reattachment point of the separated flow well. Compar-
ison of the distribution of the stream function between the two types of calculation indicates
that the method using the log-law velocity profile for a rough wall has some potential for
improving the prediction accuracy by changing the value of the universal constant of the
log-law velocity.

(3) Comparison of the experimental and calculated results for the secondary flow indicates a
slight difference in the pair of vortices predicted near the reattachment point of the separated
flow.
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(4) The proposed calculation enables the characteristic features of three types of velocity fluc-
tuations to be reproduced but shows a tendency to underestimate the experimental value for
almost all cross-sections.

(5) Based on comparison with the experimental data, the proposed algebraic Reynolds stress
model can be used to predict a complicated turbulent flow with a separated flow.

NOMENCLATURE

D long side of rectangular cross-section
Dh hydraulic diameter
H short side of rectangular cross-section
P mean pressure
p fluctuating pressure
Pk production term of turbulent energy
k turbulent energy
Re Reynolds number DhUb/�
uiu j Reynolds stresses
Ub bulk velocity
U� friction velocity
Ui velocity along the Xi -axis in rectangular coordinates
Xi Xi -axis in rectangular coordinates
X∗
1 normalized axis X1/Dh

X∗∗
2 middle location of the 180-degree curved duct

X∗
2 normalized axis X2/D

X∗
3 normalized axis X3/(H/2)

y distance from the wall
t time
�i j Kronecker delta
� turbulent dissipation
� kinematics viscosity
( ) ensemble-averaged value
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