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ABSTRACT 

Turbulent flow and heat transfer characteristics in a square 
duct of 100 mm height with 45 degree square ribs of 10 mm 
height was analyzed numerically by using algebraic Reynolds 
stress model including the fixed turbulent Prandtl number and 
algebraic turbulent heat flux models.  

In this research, analytical results were compared with the 
experimental and predicted data reported by Bonhoff et al. [1], 
which were measured and analyzed turbulent flow fields at 
Reynolds number 5×104 based on bulk velocity and duct 
height by means of a PIV system and a Reynolds stress  
model. 

Analytical results obtained by algebraic Reynolds stress 
model showed a good agreement with the experimental data 
of streamwise and spanwise mean velocity profiles at the 
same Reynolds number of the experiment. As for secondary 
flow in the duct, analytical results showed relatively good 
agreement with the experimental data. 

Moreover, temperature distributions were obtained by 
using the fixed turbulent Prandtl number and algebraic 
turbulent heat flux models. Temperature profiles of   
algebraic turbulent heat flux model were not similar to 
velocity profiles. Considering algebraic turbulent heat flux 

model has potentiality to reproduce anisotropic temperature, 
these results suggested that correlation between momentum 
and heat transfer was not recognized in this turbulent field. 

As a result of this study, it was verified that the presented 
method was able to predict turbulent flow in duct with ribs 
through the comparison of calculated results with the 
experimental data.  
 
1. INTRODUCTION 
  Channels with periodic ribs have been used in many 
engineering fields due to its high heat transfer performance, 
and are expected for application of process heat exchange in 
nuclear heat application systems such as for hydrogen 
production using a high-temperature gas-cooled reactor 
(HTGR). To develop a design code of heat exchangers with 
ribs for HTGR heat application systems, as a first step, the 
one of effective methods of heat transfer enhancement is to 
arrange periodically ribs on duct wall [2]. This method 
produces actively the anisotropic turbulent flow and 
complicated flow near the heat transfer surface. When the 
anisotropic turbulence is produced, heat transfer performance 
is strongly affected by pattern changes of secondary flows 
having an effect on temperature fields. 
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Accurate prediction of the heat transfer performance 
depends on turbulent models. To improve prediction accuracy, 
many investigations have reported analytical studies on heat 
transfer enhancement by using periodically arranged ribs in 
ducts such as straight and U-shaped ducts, bend etc. 
Analytical studies are categorized as follows: heat transfer 
enhancement by the secondary flow of the second kind 
derived from anisotropic turbulent flow and that by the 
secondary flow of the first kind due to the pressure gradient 
force. In the latter case, while highly heat transfer 
enhancement is expected, pressure drop increases with heat 
transfer coefficients.  
  From the view point of compatible possibility with high 
heat transfer coefficients and rather low pressure drops, 
inclined ribs have been attracted. Han et al. [3], who 
determined the effect of rib angle of attack in a square duct 
with two opposite rib-roughened walls, demonstrated that the 
best thermal performance is achieved at a 30 and 45 degree 
angle to the flow for both the rib pitch to height ratios. He 
showed that the thermal performance was about 10-20 
percent higher than the rib with a 90 degree angle to the flow, 
and the pumping power requirement for the angled rib was 
about 20-50 percent lower than the transverse rib. It takes it 
as given that a better performance than the ribs with a 90 
degree angle to the flow which currently being used in the 
modern gas turbine internal cooling passages. Iacovides et al. 
[4] reported results of the measurement and numerical 
analysis in a square U-bend with inclined ribs of 45 degree. 
The measurement was performed by using laser-Doppler 
anemometry (LDA) in flow field, and the liquid crystal 
technique in temperature field. The numerical analysis was 
carried out by using high and low-Reynolds (Re) two 
equation models. Murata and Mochizuki [5] have examined 
numerically the effect of the angled rib on the flow and heat 
transfer by performing the large eddy simulation (LES) from 
the points of separation and reattachment caused by the 
angled ribs. These effects were clarified by making a 
comparison between the laminar and turbulent cases and also 
between angled 60 degree and transverse 90 degree rib cases. 
Jang et al. [6] presented calculated results for the turbulent 
flow and heat transfer for a two-pass square channel with and 
without 60 degree angled parallel ribs. They used the finite 
method, which solves the Reynolds-averaged Navier-Stokes 
equation in conjunction with a near-wall second-order 
Reynolds stress closure model, and a two-layer k- isotropic 
eddy viscosity model. Comparing the second-moment and 
two-layer calculations with the experimental data 
demonstrated that angled rib turbulators and the 180 degree 
sharp turn of the channel produced strong non-isotropic 
turbulence, which significantly affected the flow field and 
heat transfer coefficients. Bonhoff et al. [1] have performed 
experimental and numerical analysis of turbulent flow in a 
square duct with 45 degree ribs, and compared analytical 
results with the experimental data. Standard k- turbulent 
model with wall function method, a differential Reynolds 
stress model and a standard k- turbulence model with a two 
layer wall model has been adopted in prediction. 
Experimental data have measured by using particle image 
velocimetry (PIV) method.  
  To improve prediction accuracy of heat transfer 

coefficients depending on turbulent models, availability of 
algebraic Reynolds stress model was verified with the 
experimental and analytical results by Bonhoff et al. [1]. This 
paper presents analytical results of flow and heat transfer 
characteristics in a square duct of 100 mm height with 45 
degree square ribs of 10 mm height. 
 
2. NOMENCLATURE 
a : thermal diffusivity 
at : turbulent thermal diffusivity 
D : side length of square cross-section 
h : rib height 
P : wall static pressure 
p : fluctuating pressure 
T : mean temperature 
T' : temperature fluctuation 

Tw : wall temperature 
Tin : mean temperature of internal cross-section 
uiujതതതതത : Reynolds stresses 

uiT'തതതതത : turbulent heat flux correlation 

Ub : cross-section mean velocity of square duct 
|U| : magnitude of velocity vectors ඥ ଵܷ

ଶ ൅ ܷଶ
ଶ ൅ ܷଷ

ଶ 
Ui : i’th mean velocity component 
Xi : i’th Cartesian coordinate 

ij : Kronecker delta 

 : kinematics viscosity 

 : density 

ሺ ሻതതതതത : ensemble averaged value 
 
3. NUMERICAL METHOD 
3.1 Numerical Subject and Definition of Coordinate 
System 
  The duct configuration and coordinate system used in the 
calculation are shown in Fig. 1. The operating conditions 
correspond to those employed by Bonhoff et al. [1]. The ribs 
inclined 45 degree to streamwise velocity were located 
periodically on the top and bottom wall of the square duct. 
The duct with ribs cross-section of 10 mm×10 mm had a 
rectangular cross-section of 100 mm×100 mm. The Reynolds 
number was 5×104 based on the hydraulic diameter and the 
bulk velocity. The measuring Plane A and Plane B are 

 

 Fig. 1 Diagram of square duct with 45 degree ribs and 
definition of coordinate system 
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perpendicular to the streamwise direction and the ribs, 
respectively. Bonhoff et al. [1] had measured fully developed 
turbulent flow by use of a PIV system. The coordinate system 
is defined as shown in Fig. 1. Spanwise direction is along the 
X1 axis, the vertical direction is along the X2 and the 
streamwise direction is along X3. The origin of the 
rectangular coordinate system is set at right-hand bottom of 
channel. 
 
3.2 Governing Transport Equation 
3.2.1 Flow field model 

The Reynolds averaged Navier-Stokes equation (RANS) is 
expressed in the following form: 

DUi

Dt
=–

1

ρ

∂P

∂Xi
+
∂

∂Xj
ቈνቆ

∂Ui

∂Xj
+
∂Uj

∂Xi
ቇ – uiujതതതതത቉          (1) 

The Reynolds stresses that appear in the transport equation 
must be solved in order to obtain the velocity fields 
completely. In this calculation, we have adopted the transport 
equation of Reynolds stresses in order to accurately predict 
anisotropic turbulence. The transport equation of Reynolds 
stresses is displayed exactly in the following form: 

      
Duiujതതതതത

Dt
=– ቆuiukതതതതത

∂Uj

∂Xk
+ujukതതതതത

∂Ui

∂Xk
ቇ+

p

ρ
ቆ
∂ui

∂Xj
+
∂uj

∂Xi
ቇ

തതതതതതതതതതതതതതതതത
 

                  –
∂

∂Xk
ቊuiujukതതതതതതത-ν

∂uiujതതതതത

∂Xk
+

p

ρ
൫δjkui+δikuj൯

തതതതതതതതതതതതതതതതതത
ቋ 

                   – 2ν
∂ui

∂Xk

∂uj

∂Xk

തതതതതതതതത
                                            (2) 

It is impossible to numerically solve the above equation 
directly, so it is necessary to rewrite several of the terms of 
the Reynolds stress equation by introducing the concept of 
the turbulent model. Moreover, with respect to the numerical 
analysis, the convection term of the left-hand side and the 
diffusion term of right-hand side of Eq. (2) make it difficult 

to obtain a numerical solution because these terms require 
iterative calculations in order to obtain stable results. In the 
present study, these terms are modeled by adopting Rodi’s 
[7] approximation. As a result of this approximation, these 
two terms are transformed into algebraic form from 
differencing form, and transport equation contributes to 
decrease in computational load. However, it is also true that 
interdependence of physical quantity disappears compared 
with differential equation. Pressure-stain correlation term 
plays an important role to distribute turbulent energy. The 
modeling process of pressure-stain correlation term is 
described in the other report [8] in detail. Tables 1 and 2 
show the modeling of pressure-strain term and model 
constants, respectively. 
 
3.2.2 Temperature field model 

It is indispensable to predict turbulent heat fluxes in order 
to get precisely temperature profiles. From this point of view, 
the transport equation of the turbulent heat flux is adopted to 
realize anisotropic temperature. The transport equation of 
turbulent heat flux is expressed exactly as following form: 

      
DuiT'തതതതത

Dt
=– ൬uiukതതതതത

∂T

∂Xk
+ukT'തതതതത

∂Ui

∂Xk
൰ 

                    –
∂

∂Xk
ቊuiukT'തതതതതതത+

P

ρ
T'

തതതതത
δik– ν

∂ui

∂Xk
T'

തതതതതതത
– aut

∂T'

∂Xk

തതതതതതത
ቋ 

                      +
P

ρ

∂T'

∂Xi

തതതതതതത
 – ሺν+aሻ

∂T'

∂Xk

∂ui

∂Xk

തതതതതതതതത
                           (3) 

where the terms on the right hand side represent the 
production of turbulent heat flux from the mean flow, the 
diffusion of turbulent heat flux, the pressure-temperature 
gradient effect which leads to inhomogeneity among the 
individual heat flux components, and its dissipation 
respectively. The convection and diffusion terms were 
modeled in a same manner to Rodi’s [7] approximation for 

Table 3  Modeling of the pressure-temperature      
gradient term 
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Table 4  Constants of the pressure-temperature    

gradient term 

*
1TC *

1TC *
2TC  *

2TC  
1 ,T wC

 
2 ,T wC

3.9 -2.5 0.8 0.2 0.25 -0.46

 

Table 1  Modeling of the pressure-strain correlation term 
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Table 2  Constants of the pressure-strain correlation term 

*
1C  *

2C  *  
1C  

2C  '  C   

1.4 0.44 -0.16 -0.35 0.12 -0.1 0.09 0.42
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Reynolds stress transport equation. By this approximation, 
the computational time can be saved. The pressure- 
temperature gradient term are composed of iT,1 and iT,2, 
which are called as slow and rapid return, respectively. The 
pressure-temperature gradient term is modeled as shown in 
Table 3. The model constants are listed in Table 4. 
Pressure-temperature gradient term iT,1 and iT,2 have been 
made use of concept presented by Lumley’s [9] model and 
Launder’s [10] model, respectively. Wall effect term iT,w is 
modeled by introducing the function f. The function f has 1 
near wall, and decreases as moving away from the wall. The 
derivation and the validity of the presented model have been 
described in a separate report [11] in detail. 

In addition to algebraic turbulent heat flux model, the 
simplest method, assuming that the turbulent Prandtl number 
is fixed, is adopted in this analysis. In this simplest model, 
turbulent heat flux is expressed as follows: 

uiT'തതതതത=at
∂T

∂Xi
                                                               (4) 

In this analysis, the turbulent Prandtl number is assumed to 
be 0.8. The calculated results of this method are compared 
with that of algebraic turbulent heat flux model to make 
model difference clear. 
 
3.3 Numerical Analysis 

In the presented numerical analysis, the periodic boundary 
condition is applied to straight duct with two periodical spans. 
Therefore, exception for pressure, the values of inlet are set 
to be the same of outlet and, as for the pressure, the pressure 
gradient of inlet is equal to that of outlet. Figure 2 shows grid 
layouts. The number of computational grid points in the total 

cross section is 41×31, and 102 grid points are set along the 
streamwise direction. Therefore, the total number of 
computational grids is 129,642. The grids located near the 
wall are fine because the physical parameters changes rapidly 
near the wall. Since the presented turbulent model can be 
classified as a high-Reynolds-number turbulent model, the 
wall function method is used in the velocity field and the wall 
temperature is set to be constant as a boundary condition. The 

  

 

Fig. 2 Grids layouts for three dimensional view and  
cross sectional planes  
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buoyancy term is deleted from the momentum equation 
assuming that the buoyancy effect to the velocity field is 
negligible small. The governing equations were discretized 
by the differencing scheme, and QUICK (third-order upwind 
differencing scheme) was used for the convection term. 
Boundary-fitted coordinate system was used as a coordinate 
transformation method. In unsteady calculation with the 
explicit method, time step is determined to satisfy Courant 
number is kept under 1. 

 
4. RESULTS AND DISCUSSION 
4.1 Mean Velocity Field 

Mean velocity profiles are compared with the experimental 
data measured by Bonhoff et al. [1] as shown in Fig. 3. It is 
noted that the calculated results of Reynolds stress model are 
displayed simultaneously with the presented result. In Fig. 3, 
symbol (a), (b) and (c) show the velocity profiles of 
streamwise, spanwise, and vertical direction, respectively. 
Symbol (d) shows the compared results of the three 
dimensional velocity vector magnitude profiles. The 
compared location is on line along X3 axis at X2/D=0.5 in 
Plane A as shown in Fig. 1.  

In (a), the experimental distribution of the streamwise 
velocity exhibits the maximum value near the rib located the 
upper wall and small value in the central region of the 
channel. Besides, velocity profile indicates a peak value with 
approaching toward the lower wall. The calculated results can 
reproduce such characteristic phenomena. In (b), the 
experimental values show a positive value near the upper and 
lower walls and a negative value in the central region of the 
channel which means that circulating flow is generated. The 
experimental distribution of spanwise velocity rapidly 
increases as approaching near to the upper rib which also 
reproduces by algebraic Reynolds stress model, but minimum 
value is predicted more accurately by Reynolds stress model 
compared with algebraic Reynolds stress model. In (c), the 
experimental result shows that downstream flow is generated 
near the upper rib and the lower wall while upstream rapid 
velocity is produced in the central region of the channel. The 
two models can reproduce these characteristic profiles. 
However, two models fail to predict precisely the 
experimental profiles. In (d), this profile implies total 
prediction accuracy of the three directional velocities. 
Comparing the calculated results of the presented model 
with that of Bonhoff et al. [1], algebraic Reynolds stress 
model predicts the experimental value relatively well.  
 Figures 4 (a) and (b) show the comparison of secondary 
flow vectors and spanwise velocity profile in Plane A, 
respectively. From the top, the experimental and predicted 
results by Bonhoff et al. [1] and the presented results are 
indicated in the condition of setting viewpoint on 
downstream. In (a), the vector scale is not described in 
Bonhoff’s paper, but it can be estimated from the 
experimental value of the spanwise velocity in Fig. 3. Its 
estimated vector scale was shown in this paper. However, the 
vector scale of calculated results by Bonhoff is unable to 
show because there is no description about the vector scale. 
From secondary flow vectors as shown in (a), it is clear that 
circulating flow near upper wall and counterclockwise 
circulating flow near lower wall are generated. Adding to this, 

it is also pointed out as characteristic feature from the 
experiment that the secondary vector along X3/D=0.5 moves 
wavy in the middle of cross section. In (b), the relatively 
large value formed near the upper and lower wall in the 
experimental result. This large velocity near upper and lower 
wall impinges on the side wall. As a result of this 
impingement, downward and upward flows are formed along 
side wall. These two flows are merged in the middle of side 
wall and its merged flow moves to the opposite side wall. 
The presented result reproduces these features and predicts 
well the value of -0.6 measured in the middle of cross 
section. 

Figure 5 shows the compared result of the velocity vectors 
projected on Plane B. The projected velocity vectors are 
displayed as a bird's-eye figure which is vertically watching 
Plane B from upstream. The experimental results show only 
the velocity vectors around the rib, but the calculated results 
of Bonhoff et al. [1] show the projected velocity vectors in 
entire Plane B as well as the present calculated results. 
However, the velocity vector scale is not indicated in the 
figure because there is no information about vector scale in 
the paper presented by Bonhoff et al. [1]. In the experimental 
result, it is pointed out that the flow vectors near the rib 
located up stream show the incline upward flow from the rib 
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corner to upper right and the circulating flow is recognized 
large area behind the rib. The calculated result by Bonhoff et 
al. [1] reproduces comparatively well this phenomenon. 
Although the presented calculation reproduces the incline 
upward flow, the size of the circulating flow behind the rib is 
smaller than the experiment. In addition, two models predict 
well reattachment point of separation behind the rib.  

Judging from the comparison results of mean velocity filed, 
the experimental characteristic features can be reproduced by 
algebraic Reynolds stress model as well as Reynolds stress 
model. The difference between the two models is modeling 
of the convection and diffusion terms that expressed in 
differential form or in algebraic form. If two models can 
reproduce the experimental results, model validation depends 
on the production and pressure-strain correlation terms. Since 
it is not necessary to model the production term, the 
difference of the pressure-strain correlation term affects to 
the numerical solution. In case of the Reynolds stress model 
used by Bonhoff et al. [1] which is commercial numerical 
code, the pressure-stain correlation term isn’t described in 
detail in their paper. In general, the secondary flow of the 
second kind depends greatly on the pressure-stain correlation 
term modeling in anisotropic turbulent flow. It has been 
already confirmed that the algebraic Reynolds stress model 
used in the presented analysis can reproduce the secondary 
flow of the second kind [12]. 

Figure 6 shows the comparison results of six Reynolds 
stress components formed in cross-section of Plane A. 
Reynolds stresses u1

2തതതത, u2
2തതതത, and u3

2തതതത are normal stresses for 
streamwise, spanwise, and vertical, respectively. Reynolds 
stresses u1u2തതതതതത, u1u3തതതതതത, and u2u3തതതതതത are shear stress. In turbulence 

of square duct without rib, the normal stress for streamwise 
displays the highest value compared with the other normal 
stresse. By contrast, calculated results show that all normal 
stresses indicate high value near the rib and generate actively 
turbulence, which are considered as a characteristic 
distribution for turbulent flow in straight duct with the 
inclined ribs. On the other hand, about the share stress, in the 
case of turbulent filed of square duct without rib, shear stress 
u2u3തതതതതത is small absolute value, but shear stress u2u3തതതതതത of this 
case is large absolute value which are the same value of other 
share stresses. These results suggest that momentum transfer 
was performed actively in three directions by setting 
inclined rib.  
 
4.2 Mean Temperature Field 
  Figures 7 and 8 show the streamwise velocity distribution 
and the temperature distribution in Plane A, respectively. 
Symbol (a), (b) in Fig. 8 are calculated contour maps of the 
fixed turbulent Prandtl number model and algebraic turbulent 
heat flux model, respectively. 
  In the case of the fixed turbulent Prandtl number model, 
Fig. 8 (a) suggest that there is a correlation between heat 
transfer and momentum transfer, judging from that 
temperature distribution is similar to streamwise velocity 
distribution which is shown in Fig. 7. By contrast, the contour 
map in Fig. 8 (b) is not similar to streamwise velocity 
distribution. Considering the algebraic turbulent heat flux 
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model has potentiality to predict anisotropic temperature field, 
it is concluded that the correlation between heat transfer and 
momentum transfer is not realized in this turbulent flow with 
inclined ribs. 
  Figure 9 shows the compared results of distribution for 
Nusselt number over lower wall. Bonhoff et al. [1] predicted 
temperature field by using results of (a) Reynolds stress 
model and (b) k- model. The method for analyzing 
temperature field isn’t described in detail in their paper. On 
the other hand, the presented results was predicted 
temperature field by (c) the fixed turbulent Prandtl number 
model and (d) algebraic turbulent heat flux model by using 
the velocity field solved by algebraic Reynolds stress model. 
In (a), the area of high heat transfer is formed in the middle 
of bottom wall, while, in (b), high Nusselt number is 
recognized just near downstream of the rib. About the 
phenomenon of (b), Bonhoff et al. [1] pointed out that the 
location of high Nusselt number corresponds to the location 
of reattachment point in Plane B which feature is related with 
the secondary flow. Both results of (c) and (d) show high 
Nusselt number is also formed in the same area of (b). 
Besides, It is found in figure (d) that the second highest area 
is generated in the center of bottom wall which means 
algebraic turbulent heat flux model predict high value of 
Nuseselt number not only near just downstream behind rib 
but also center of bottom wall. 
 
5. CONCLUSIONS 
  A numerical analysis has been performed for turbulent 
flow with heat transfer in a square duct with 45 degree ribs 
by using the algebraic Reynolds stress, the fixed turbulent 

Prandtl number, and the algebraic turbulent heat flux models. 
Analytical results were compared with the experimental and 
predicted data reported by Bonhoff et al. [1] in order to 
confirm the validity of the presented models. As results of 
this analysis, the following conclusions are summarized: 
(1) The presented method was able to predict three 

directional velocities except for vertical velocity, 
which tendency was the same as that obtained with the 
Reynolds stress model. Although the agreement with 
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the experimental results were not perfect, characteristic 
features are realized by the algebraic Reynolds stress 
model. 

(2) The algebraic Reynolds stress relatively well 
reproduces the streamwise flow, the vector pattern and 
the reattachment point in Plane B as well as those 
obtained with the Reynolds stress model. The algebraic 
Reynolds stress model can predict anisotropic 
turbulent flow in duct with 45 degree ribs to present 
six Reynolds stresses. 

(3) The temperature contour map obtained by the algebraic 
turbulent heat flux model was not similar to velocity 
contour map. Since the algebraic turbulent heat flux 
model has potentiality to reproduce anisotropic 
temperature, correlation between momentum and heat 
transfer was not organized in this kind of turbulent 
field. 

(4) The fixed turbulent Prandtl number and algebraic 
turbulent heat flux models predicted similar values of 
Nusselt number. 
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